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Modulation of the growth rate of short capillary—gravity surface wind waves in the
presence of a long wave with steepness much smaller than the maximum is studied
theoretically. The Miles (1962) mechanism taking into account the viscous wave
stresses in the air flow is considered to be the main process of short-wave generation.
The short-wave growth rate is defined by the wind velocity gradient in the viscous
sublayer of the logarithmic boundary layer. The long wave propagating on the wave
surface induces an additional component of the wind velocity gradient oscillating with
the length and time periods of the long wave, which results in modulation, with the
same period, of the growth rate of the short wave riding on the long one. The growth-
rate modulation amplitude depends on the parameter M being of the order of the
relation between the oscillating and the mean wind velocity gradients in the viscous
sublayer
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(where ¢, k, a are the phase velocity, the wavenumber and the elevation amplitude of
the long wave; v, is the viscosity coefficient in the air; u, is the wind friction velocity).
When M = O(1) (weak winds and long waves) the oscillating component of the short-
wave growth rate is of the same order as the mean one. If M is much smaller than unity,
then the relative amplitude of the growth rate is of the same order as the steepness of
the long wave.

1. Introduction

Short waves of the centimetre bandwidth are known to form backscatter from the
sea surface arising from Bragg scattering. So, when the theory of the imaging of long
surface waves by radar is constructed, the problem of determining the variations of the
short-surface-wave spectrum arises. Very large differences in the scales of short and
long waves are typical for this problem: the respective wavelengths are 1-10 cm and
10-10% m; the time periods are 0.04-0.25 s and 2.5-25 s; the phase velocities are 25—
40 cm s7! and 440 m s~!. Also, the steepness of long surface waves of 10-1000 m
bandwidth is much smaller than the maximal value (0.142m) for typical ocean
conditions.

Two mechanisms of interaction which result in modulation of short waves with the
period of a long wave have already been considered. First, higher harmonics are
generated near the crest of a steep gravity wave (Longuet-Higgins 1963 and Ruvinsky,
Feldstein & Friedman 1991). But this mechanism proved to be effective only when the
long wave is the almost-highest one. And the greater the wavelength of the long wave,
the closer its steepness should be to the maximum value for the short waves to be
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generated effectively. Thus this mechanism is not necessarily applicable for long ocean
waves with small steepness.

Another well-known mechanism is the transformation of a short wave on the
variable flow of a long wave (Longuet-Higgins & Stewart 1960, 1961 ; Longuet-Higgins
1987; Phillips 1981 ; Shyu & Phillips 1990). But since there is no resonance between the
phase velocity of the long wave and the group velocity of the short wave in the case
under consideration, this mechanism provides small values of modulation of the short-
wave amplitude (of the order of the long-wave steepness).

Another mechanism leading to the modulation of the short-wind-waves field was
considered in the paper by Valenzuela & Wright (1979), where the modulation of the
growth rate of short wind waves by the long waves was taken into account. In that
paper this mechanism was considered only phenomenologically. Preliminary cal-
culations of the modulation of the short wave by the long wave were done by Landahl,
Widnall & Hultgren (1978), where the modified Orr—Sommerfeld equation for short-
scale disturbances in the air obtained by the two-scale method was solved. But the
calculations were carried out only for a limited set of parameters of the wind and
waves, namely for a wind friction velocity u, = 30 cm s™, wavelengths of the long
waves of 100, 75, 36, 20 and 16.5 cm and wavelengths of the short waves of 2, 1, 0.75
and 0.6 cm. These calculations were for waves in laboratory channels. The main
purpose of the present work is to calculate in detail the growth rate of short waves in
the presence of long waves under conditions more typical for oceans.

The qualitative mechanism of modulation of the short-wave growth rate is discussed
below. The Miles mechanism taking into account the viscous stress (Miles 1962) is
considered as the main process of generation of the centimetre waves. In this case the
value of the wave growth rate g is determined by two independent parameters, namely
the gradient of the wind velocity U,, in the viscous sublayer and the wavenumber « of
the short wave. It is well known that (Phillips 1977)

.2
Uoz - u:k/Va’

where u, denotes the wind friction velocity, and v, denotes the viscosity coefficient of

the air, i.e.
B = pus/v,, 6).

Consider a long surface wave with wavenumber k, phase velocity ¢ and elevation
amplitude @ propagating in water. Then variable flow arises on the water surface. In
the reference frame moving with the long-wave phase velocity, the horizontal flow at
the surface is, to first order in the steepness (ka),

u = ckacoskx—c. (1.1)

And in the reference frame under consideration the phase velocity ¢, of the short wave
is
¢y = —c+c,+ckacoskx. (1.2)

Here ¢, is the local intrinsic phase velocity of the short waves. It was shown by
Longuet-Higgins & Stewart (1960, 1961) that the wavenumber «, the phase velocity ¢,
and the elevation amplitude of the short gravity wave appeared to be modulated:

k = k91 +kacos kx),
¢, = (1 —kacoskx), (1.3)
n = n9(1+kacos kx).

If there is a long wave on the water surface, it induces a disturbance in the air, which
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has the same length and time periods as the wave in the water, so modulation of the
short-wave growth rate arises. This disturbance is considered next to demonstrate why
the growth rate of the short waves can be strongly modulated.

If there were no viscosity in the air or in the water, then the disturbances of the
vertical velocity would be continuous at the air-water boundary, but the disturbances
of the horizontal velocity would have a discontinuity of order akc. But if the viscosity
of the air and water are taken into account, then the no-slip condition is valid on their
boundary, i.e. the horizontal velocity is continuous as well. In this case a wave
boundary layer with thickness 4,, < 1/k appears in the air, i.e. flow with a large
oscillating gradient of the air flow velocity (of order cka/d,) arises near the water
surface. It should be emphasized that the oscillating part of the wind velocity gradient
determines the oscillating part of the growth rate of the short waves. Indeed, the air
velocity profile in the reference frame moving with the long-wave phase velocity is

u = Uyz)—c+ckalcoskx+f(z/§,)cos (kx —¢@)]. 1.4
f(z/6,,) 1s the velocity profile in the long-wave boundary layer, and according to the no-
slip conditions f1,_, = 0. The air flow velocity on the air-water boundary is defined by
(1.1). But the wave-flow interaction is known to be determined by their relative

velocity. More exactly, the difference u — ¢, in the Orr—Sommerfeld equation determines
the dispersion properties of the short waves:

u—~¢é, =—c,+Uy2)+ckaf(z/é,)cos (kx —¢). (1.5)
Comparing (1.4) and (1.2) shows that the oscillating part of the phase velocity of the
short waves (ckacos kx) is exactly equal to the oscillating air flow velocity on the water
surface (due to the no-slip condition). As a result there is no oscillating term
(ckacoskx)in (1.5). If the scale of the waves is small enough that the region of intensive
wave—flow interaction is in the viscous sublayer, then their growth rate is determined
by the gradient of u—¢,:

_ Uy cka

u, = Va+—8:f(é)cos(kx—¢), (1.6)

and it follows from (1.6) that strong modulation of the air flow velocity gradient (and
strong modulation of the short surface waves depending on it) should be expected for
weak winds and large wavelengths of long waves.

The growth rate is calculated in the same way as in Miles (1962). Namely, taking into
account that the ratios of the densities (p,/p,, ~ 107%) and the dynamical viscosity
coefficients (p, v,/p, v, ~ 107%) of the water and the air are small enables the problem
to be solved in the following way. First the hydrodynamical problem of surface-wave
generation by normal and tangential air stresses forcing the water surface is solved.
Then the aerodynamical problem of the air flow disturbance induced by the surface
waves is considered. The normal and tangential stresses forcing the water surface are
calculated. Thus the closed dispersion relation for the waves in the air-water flow is
obtained. When the modulation of the growth rate of short waves by a long wave is
considered, each of the two problems becomes split into two further ones: for a long
wave and for a short wave on a long wave. Thus four problems arise: first, a long
surface wave in water ; second, a short wave in water on a long wave; third, a long-wave
disturbance in air; and, fourth, a short wave on a long wave in the air.

The main difficulty of this task is caused by the thickness of the viscous sublayer in
the air, 8, being much smaller than the elevation amplitude of long surface waves in
typical ocean conditions, i.e. the wave disturbance in the air being strongly nonlinear.
Fortunately it is simplified by the fact that the flow around a small-steepness wave is
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without separation. And it is pointed out in the work by Benjamin (1959), referring to
Schlichting (1955), that the distortion of the velocity profile near the wavy surface is
formed by bending of the streamlines of the undisturbed air flow to the first order in
the surface curvature. If the problem is formulated in curvilinear two-dimensional
coordinates with the wavy water surface being a coordinate line, the disturbances
appear to be displacements from the bent streamlines of no more than the first order
in ka (Benjamin 1959). The curvilinear coordinates proposed in Benjamin (1959), in
which the water surface resulting from the long harmonic wave is a coordinate line to
the first order of approximation in (ka), are used below for solution of the problem.

A point concerning the order of expansion (ka) being taken into account should be
made here. There are several small parameters in the problem under consideration,
namely ka, c,/c, k/x, and v,/c, where v, denotes the wind drift flow velocity. They are
independent, but of the same order. And since the dependence of ¢, on ka (i.e. the
quantity of order ¢, ka) is taken into account, then the quantities of order c¢(ka)? (which
are the same order as ¢, ka) should be taken into account as well. However, they cause
additional terms in the phase velocity much smaller than O(c(ka)?), which can be
omitted (see the Appendix).

The structure of the paper is the following. In §2 the formulation of the problem in
curvilinear coordinates is presented. In §§3-6 the hydrodynamical and aerodynamical
problems for the long and the short waves are considered. In §7 the results of the
numerical calculations of the modulation of the growth rate of the short waves on the
long waves are presented and discussed. In §8 the influence of the modulation of the
growth rate on the modulation of the spectral component of short wind waves with a
long wave is discussed.

2. Formulation of the problem; curvilinear coordinates

Consider plane air shear flow over the water surface. Let two wave disturbances
propagate in this two-layered system: a long wave with wavenumber k and elevation
amplitude a and a short wave with wavenumber &, and elevation amplitude a, with
k < kg and a, < a. The steepness of both the long and the short waves is considered to
be small, so that the values (ka)® and (k,a,)® can be omitted. Air flow over the water
surface without separation is considered.

To consider large gradients of velocity in the viscous sublayer at the air-water
interface one should use curvilinear coordinates in which the water surface bent by the
long wave is a coordinate line at the first order of approximation in ka. Since the wave
field should decrease with the distance from the boundary, different curvilinear
coordinates are used in the water and in the air. Namely, in the water

s =Xx+iae" VN 5 =y gektytin 2.1
and in the air, according to Benjamin (1959)
E=x—lae ¥ 5=y _get¥in (2.2)

The real parts of the right-hand sides of (2.1) and (2.2) are to be taken. This also applies
to the complex expressions of this kind given below. It follows from (2.1) and (2.2) that
surfaces # = 0 and y = 0 coincide with the water surface disturbed by the long wave
at the first order of approximation in ka. The Jacobians of transformations in the air
and in the water at the first order of approximation in ka are respectively the following:

J¥ = 1—2ka ekt (2.3)
J* = 1+ 2kae @0, (2.4)
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All the expressions below are presented in the curvilinear coordinates in the air (2.2).
The expressions for the fields in the water are the same. The indices (w) and (a) for
values in air and in water respectively will be given only if necessary.

The expression for the velocity v using the stream function ¢ in the curvilinear
coordinates will be required below. It is

v = i [aaf " %”Q 2.5)

And the two-dimensional hydrodynamics equations in curvilinear coordinates are

(%)+‘Jfg(1/fg+¢2)+ﬂ(¢ Vo=V ,;,3)+ Petar=vy, [uif(vggﬂ/fw)] (2:60)

g(w,)w WU+ I YV, Y+ ey, = agw(wggw,,,,)l, (2.65)

denoting the density p and the molecular viscosity v. Eliminating p from (2.64, b) gives
the hydrodynamical system in terms of vorticity and stream function, which has the
following form in the curvilinear coordinates:

B+, E— Y ) = vI(Zg+5,), (2.7a)

Here = is the vorticity of the flow.

The system (2.7) appears to be more convenient for numerical calculations than
(2.6), and it is used below to consider wave disturbances in the air where the numerical
method can be employed.

The systems (2.6) and (2.7) should be completed by the kinematical and dynamical
boundary conditions on the air—water surface, which must be written at the air—water
boundary surface disturbed by both the long wave and the short wave:

0H  (0H¥ dyd
= +Jl(ag S 2.8)
Here H= N[X(g, 77)]-’-"8()((& 77)) t)_y(g’ 77)9 (29)

N and »* denoting the elevations of the long and short waves respectively.
The no-slip condition is equivalent to the continuity of the £th component of the
velocity at the water—air boundary. Taking into account (2.5) yields

wlzaww_ a12%
(J/)’W—(J’)’ o (2.10)

The dynamical boundary conditions are the continuity of the normal and tangential
stresses on the water—air boundary surface. They are

a a w pr
PP Ve Oylyn =P PV 0y t=
y=n

a — w
PaVaTr |77=n = PwVuw0r |y=n'

Here Tp,,/R is the surface tension force: R denotes the radius of curvature of the wavy
surface; p®, p* are the pressures in the air and in the water following from system (2.6);
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a?, o, o?, o are the viscous normal and tangential stresses in the water and in the air
respectively. They are expressed as follows:

on= ) (BB Y ), @11

o, = (&= &) W=V + 45 8 & =20 ey + ¥, &0 (2.12)

We will now consider the four problems outlined in the Introduction.

3. A long wave in water

Suppose that a wind drift current with velocity profile v,(y) is present in the water.
In this case the stream function of the flow disturbed by the long wave is

g = f (00 (r)— ) dy, + a5, 7). 3.1)

Consideration of the long-wave disturbance in the water follows the paper by Miles
(1962), but the wind drift flow in the water is taken into account here, and the
analytical expressions for the dispersion relation and the stream function are obtained
for the typical situation of the drift flow velocity v, being small in comparison with the
phase velocity of the long wave c. It differs from the paper by Valenzuela (1976) where
the influence of the drift flow was considered exactly in the numerical model.

The disturbance of the stream function is presented the following way (as in
Benjamin 1959):

P! =[8'(y) + (@, —c) e (3.2

Long waves with wavelengths of the order 10 m or more will be considered.

Neglecting the effect of molecular viscosity on the long waves enables the Rayleigh
equation for ¢ to be obtained from the system (2.6) at the first order of approximation

in ka:
(0= (@, — k¢") =1y, 8" = 0. (3.3)
It follows from the kinematical boundary condition (2.8) that to the first order in ka
@'y = 0)+0,(0)—c¢ = 0. (3.9

The normal and tangential air stresses are known to be small for these long waves (see
Phillips 1977). Taking this into account and omitting the surface tension for the long
wave yields the dynamical boundary condition

— g+ ¢, — 0y —c) ¢, = 0. (3.5)

The phase velocities ¢ of the waves are of order 10 m s™'. Winds weaker than that,
for which waves of the bandwidth considered are the peak ones, are considered below,
which means that the wind velocity is less than 10 m s7! and the drift flow velocity is
less than 10(p,/p,)"* m s, or less than 0.3 m s™*. Thus v, < c.

Solving equation (3.3) with the boundary conditions (3.4) and (3.5) yields the
dispersion relation for the surface water waves. Taking into account that v,/c is small
the solution of (3.3) and the dispersion relation should be sought as a series in v,/c. At
the first order of approximation in (v,/c¢) the dispersion relation is

= (%)”2 (1 +2k f; &Z)ez’w dy) . (3.6)
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If the scale of the function v,(y) is much smaller than the wavelength of the disturbance
1/k, then the expression for the disturbance of the stream function ay/’ is

apt = dkack? f 5e(y) dy. 3.7)

It follows from (3.7) that in the curvilinear coordinates considered here the long-
wave disturbances of the stream function are of order av, < ac (ac is the order of the
stream function disturbance in Cartesian coordinates). The disturbances of the stream
function being small means that the streamlines are close to the coordinate lines in the
curvilinear coordinates, and the coordinate lines of the transformation (2.1) coincide
with the streamlines of the surface wave on deep water moving with velocity —c.

Although the disturbances of the stream function are small, the velocity disturbances
are essential. Indeed, the expression for the horizontal velocity is

thar = I = 0 (y) e+ kae (et ,), a89)

where (2.5) is taken into consideration and values of order kL are omitted.

4. A short-wave disturbance on a long wave in water

In this section the dispersion relation for short waves modulated by a long wave is
obtained. The procedure for obtaining of the dispersion relation is similar to that used
in Miles (1962). Some peculiarities of the two scales should be taken into account.

In the presence of the short-wave and the long-wave disturbances the stream
function is ’

Y = j(v0 —c¢)dy+2kae'** ekVJ vo(y)dy + ¢, 4.1

0
¢* being the short-wave disturbance of the stream function. Dimensionless variables
are introduced: c=s/L; 6=vy/L; 7=1c/L,

where L is the scale of the velocity profile in the viscous sublayer in the air and c is the
phase velocity of the long wave. The characteristic scale of the short wave 1/k, is
generally of order L (more exactly L is less than 1/k,) and u = kL is a small parameter
of order of or less than k/k, < 1.

The problem of short-long wave interaction can be treated by the two-scale method
considering ‘fast’ (r, 0, ) and ‘slow’ scales

In this case an expression for 1° should be sought in the following form:
lﬁs — ¢(6, Q, 2, T) e—is’l1+id>(zr,Q,):, T) +/"¢i’

Here @ is the eikonal. By definition the dimensionless horizontal wavenumber of the

short wave « = k, L is the horizontal component of the eikonal @ gradient. And in the
curvilinear coordinates (2.1)

0P

— wyl/e -~

K=

where J“ is defined in (2.3).
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Suppose (similar to Miles 1962) that ¢ can be presented as the sum of the viscous and
non-viscous terms:
¢=AV0,0,2, T)+Buw(,0,2,T).

At zeroth order in x the non-viscous term i appears to be a function of ¢ depending
parametrically on 2 and obeying the Rayleigh equation

(1 4+ ) (4(0) —14(0)) — ¢, ] (Fyy— (1 +20) V) — 045 (1 +2¥) = 0. 4.2)
Here % = (% U"(O)(l +a)+(1— a)), 4.3)
a = kae'®.

Taking (3.8) into consideration easily shows that ¢, is the local intrinsic phase velocity

of the short waves. It should be mentioned that the difference ¢, —v,,, (or the relative

velocity of the water and the phase velocity of the short waves) occurs in equation (4.2).
The viscous term is

¢, Lk

w=em, —(1—1)[ (1+a)]1/2. (4.4)

w

¢, can be determined as a solution of the dispersion equation for the short waves on
the long wave. It is

v, _ _tdl=a), p

21-2 Jwpybag, 4.
T 14

Here = (g—i—FKZ(l +oc))L?; (4.6)

and D, G denote the terms which describe dissipation of the short waves by viscosity
and generation by wind respectively:

= — M_ 2 Tﬂ) gg/ ﬁ 2 _ qlg
D—{ ( v 3(14 2a) w) e ,P+/<(1+2ac) (1—2a) 4KOL?

L P ¢ v,
gjsl:gp‘*}‘./ v, 1 ( —(—1—;—)4-205)](14-0:)

’

8=0

G =

C

=0

Here G is determined by the normal (#) and tangential (7 ) stresses induced by the
short wave in the air flow. To find them the problem of disturbances in the air flow over
the water surface should be solved.

5. A long-wave disturbance in the air flow

The system of hydrodynamical equations for a long-wave disturbance in the air flow
in curvilinear coordinates (2.2) in terms of stream function and vorticity follows from
the system (2.7a, b). Taking into consideration the expressions for £ » and the
Jacobian J* to the first order of approximation in ka gives

1707] Eg_- 1//5 E’I = V(E§§+ Em])’ (5 1 a)
2= (14 2kae ™ 0 0) (o + 4, ). (5.1b)
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¥ can be expressed as a sum of two terms, one of which depends on £ and the other
does not:

K
v = | wa-adn e (52a)
0
E = uy,(m+E,(& 7). (5.20)
The kinematical boundary condition which is the consequence of (2.8) at the first order
in ka is
Yidy=o = 0. (5.3)

At the first order in ka the no-slip condition (2.10) can be written the following way:
(I +kae™) g o = (1—kae™)y¥| .
Taking into consideration that 1" is defined by (3.1), (3.7) and that
vo(0) = u,(0)
yields the boundary condition for y,
Yiyly-o = 2ckae'™, 5.4
and ¥ly—0 = — ¢ +uy(0) + 2ckae’™. (5.5)

Long—short wave interaction is considered below. This interaction takes place mainly
in the viscous sublayer. It follows from (5.5) that velocity disturbance is much smaller
than the mean velocity (of order ka). One can also see that this relation remains valid
on the scale of the short wave. But the disturbance of the velocity gradient (the
vorticity) may be of the same order as the vorticity of the mean flow. This case will be
called the nonlinear regime. But in this case the vorticity disturbances prove to obey
the linearized form of the hydrodynamical equations, since their horizontal scale is
much larger than the vertical one.

Consider here some estimates. First, the condition of the values of the vorticity of
the wave field I',, being of the same order as the mean values of the vorticity I, is
formulated below. I',, is obviously of order akc/4,,, where 8, is the scale of the long-
wave viscous sublayer, and Iy = /v, (Phillips 1977). The condition I',, = I', defines
the boundary between the linear and nonlinear regimes. One can easily estimate the
scale of the wave field §,, for the nonlinear regime. In this case the variation of the mean
wind velocity on the scale of the wave field is of order I',8,, ~ I, 8,, ~ kac, which is
much smaller than ¢. In this case the scale of the wave field close to the water—air
boundary is of the order of the scale of the oscillating boundary layer (see, for example,
Lighthill 1978), namely

8, = (v, k). (5.6)

Taking that into consideration yields the following expression for the boundary
between the linear and nonlinear regions:

W /v, = (ke/v )? ake. 5.7

It should be mentioned that the nonlinear regime of the long-wave disturbance in the
air corresponds to the swell, i.e. to a wave with phase velocity much greater than the
velocity of the peak wind waves equal to 20u,. Indeed, it follows from (5.7), that

20u, /c = 20(kaks,)'? < 1.

Expressions for the wave fields of the velocity and normal and tangential stresses for
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the nonlinear regime can be easily obtained. In this case the following estimates for the
stream function and its derivatives are valid. They follow from expression (5.2) for
and the boundary conditions (5.3) and (5.5):

W ~ O(cd) + O(ckad,,) e,
¥, ~ O(c+uy)+ O(cka) '™,
¥, ~ O(ckaks,) e,
Y, ~ O(ck®a) e,
Y ~ O(ckak?s,) e,
E~ i, ~ Ouy/ )+ O(cka/s,) €™,
and so on. Here §,, is defined by (5.6) and
&= 10v,/u, (5.8)

is the scale of the viscous sublayer.
Taking this estimate into consideration and omitting small terms of order k¢, k6,
and (ka)? gives the following system from (5.1a,b):

—CE =V, 5, &=V, (5.9a, b)

The solution of system (5.9) obeying the boundary conditions (5.3), (5.5) and limited
at infinite distance from the air—water boundary is

E, = 2ckare™, ¢, = %@(1 —e™, (5.104a, b)

where r = e7®/4/§, . and 8, is defined in (5.6).

Now consider the linear regime of a wave in air, when the vorticity disturbances are
much smaller than the mean value, i.e. I, > I',,. In this case the linear approximation
is valid and ¢, obeys the following linear equation:

— Vo = —
(uy—0) Sy Uy Y, = E(‘:’lnﬂ_kz‘:’l)a (5.11a)

B, = (Y1, — k) +2kau,, e, (5.11b)

It should be mentioned that system (S.11a, b) transforms into (5.94, b) when ¢ > u,
and the characteristic vertical scale of the wave disturbance is much smaller than 1/k.
Also the set of wind and long-wave parameters considered by Landahl et al. (1978) (see
the Introduction) correspond to the linear regime of the long-wave disturbance.

To conclude this section the expression for the gradient of the air flow velocity I near
the water surface is discussed. It follows from (5.2) that

I'= (1 +kae™)uy,(n)+,,, "

The oscillating component of the wind velocity is the sum of two terms. The
curvature of the water surface is responsible for the first term, and the second term,
proportional to ¥r,,,, arises due to the oscillations of the water surface. The first term
is of the first order in ka, relating to the mean gradient, and its phase coincides with
the phase of the long wave. It obviously follows from (5.105), (5.6) and (5.7) that the
second term is of the same order as the mean gradient u,, for the nonlinear regime. And
it is of first order in ka for the linear regime. For the nonlinear regime the phase of the
oscillating part of the wind velocity gradient is determined by the phase of .
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Differentiating (5.105) easily gives that the phase of 7" should be close to (—3n/4). For
the linear regime the phase of the oscillating part of the gradient is determined by both
of its components.

The expression for I” can be easily obtained for the case kau,, ~ yr,, =, but u, < c.
Then the linear system (5.11a, b) is valid. It then follows from (5.115), that

Yy = 51— 2ka ei¥é U, ().

Seeking the solution to (5.11) as a series in (u,/c) gives that = is determined by (5.104).
Then

I' = (1 —koe'™) u, () +2ckare """,

The phase of the oscillating part of the velocity gradient I” obviously tends to —n with
growth of the wind velocity.

6. A short-wave disturbance on a long wave in air

The stream function and the vorticity for this case can be expressed as a sum of
(5.2a,b) and the short-wave disturbances ¥* and Z*:

U= | lr)— ) dn + 9,0 ¥+ g€, ), 6.1a)

= uy, () + E () €+ Z°(, ). (6.15)
Here ¢,, =, are the solutions to (5.9) or (5.11) and ¥*(§, %) £%(§, #) are functions with
characteristic horizontal scale of £ much less than 1/k.

The problem will be formulated in dimensionless coordinates like (4.1):

E=¢/L; h=n/L; 7=1c/L,
where L is the vertical scale of the wind velocity defined by (5.8); # = kL is the small
parameter.
Considering the short-wave disturbance in the air we make use of the two-scales
method as in §4, i.e. the short-wave disturbances of the stream function ¥°, the
vorticity =*, the pressure p® and the short-wave elevation »#° should be sought in the

following form:
@1'5 =y (1,40 T, Z,0) + pudy,
2 =E3(1,6,h, T,2,0)+u=3,
p = pO(Ta ga h’ T’ Za @) +ﬂP1>
n =ni(1,§,T,Z)+ unj,
denoting © = uh, Z = p¢. (It should be mentioned here that the difference between Z
and X = us is of order (ka)®.)
At the zeroth order in g and at the first order in ka the following system of equations

for the lowest terms of the short-wave disturbances (¥}, =;) can be obtained from
(2.7a,b):

Iy =

’_'S

9+iz 1/’1h ms [ UYonn ‘-'lhh
= +(1+42kae )[( - Lc)“g (cL2 )1/@]

= 74 (1+2kae® ) (F+ E3,), (6.20)

L25° = (14 2kae®™2) (Y + 3. (6.2b)
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The equation for the short-wave disturbances, which follows from (2.64), will be
necessary for calculating the normal stress on the water surface. It is

(tﬁs)+(1+2kae‘9“z)[( - V’lh);ﬁhg (“"h ‘/’"‘”)w;]

Lp; v, O O+iZy (1 s s
o T I (14 2kcae® %) (Y5, +ysn)-  (6.20)

It follows from (6.2a, b) that at the zeroth order in x the solution can be sought in the
following form:f W = y(h, Z) e 9o D),
Es — :(h, Z) e—iQr+1¢(§, Z)'

Here ®(¢, Z) is the eikonal of the short waves. In air the eikonal and the horizontal
wavenumber « are connected in the following way:

0P
E3

Taking (6.3) into account gives a system of equations for the complex amplitudes of
the short-wave disturbances of the stream function y(k, Z) and vorticity =(h, Z):

= ()" (6.3)

(Uh, Z) =€) E—=X, (1, Z) x = 7(1+20) [5 — k(1 = 220) Z], (6.44)

= (1+22) [xpn — k%1 —2a0) ], (6.4b)

where Uh, Z) = (uy(h) — 1 (0)) (1 +oc)+<%—2kac) e, (6.5a)
X(h, Z) = ug(h) (1 + ) + 5, &%, (6.5b)

2, = t1gy(h) (1 +20) + 1 (6.5¢)

and , —c(9~(1+ )(“"(O) 1+25x)). (6.5d)

It should be mentioned that the expression for ¢, completely coincides with (4.3)
obtained for short waves in water. Its value is determined as a solution of the dispersion
equation (4.5). U(h, Z) is the wind flow velocity profile disturbed by the long wave.
And since the no-slip condition (5.5) is valid for the long-wave disturbance i,
Uh=0,Z)=0, i.e. in (6.4a) there is no oscillating part of the short-wave phase
velocity, arising due to the Doppler shift in the oscillating velocity field of the long
wave, since the disturbance of the air flow velocity is exactly equal to the velocity on
the water surface due to no-slip conditions on the air-water boundary. The oscillating
part is subtracted from the expression for the relative velocity in (6.4a), as already
mentioned in the Introduction (see (1.5)).

The first boundary condition for the short waves follows from the general
kinematical boundary condition (2.8). Substituting expression (2.9) for H(&, 7, ) and
expression (6.1a) for ¢ into (2.8) yields the following kinematical boundary condition
for the short-wave disturbance »° at the zeroth order in # and at the first order in ka:

on’ Yin x| 1oy _
5 +( ‘(1 +2a )+ f) §+(1+ @) ac 77:0_0.

T More strictly the solution to (6.24,b) should be sought as y* = y(h, Z, @) e 9*1%¢ D hut at
zeroth order in x4 the dependence on @ can be omitted.
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According to the two-scale method the expression for »n® should be sought in the
following form:
n = n(Z)e 1o 2)

Taking into account the boundary condition (5.4) for ¢,,, the relation (6.3) between
the eikonal @ and the wavenumber «, and the expression for ¢, gives the following form
for the short-wave kinematical boundary condition:

Csn = X|h=0' (66)

A similar procedure for the kinematical boundary condition for the wave disturbances
in the water gives

csn = ¢I0=0’
where ¢(60, Q, 2, T') is the short-wave stream function disturbance in the water. Finally
the first boundary condition is

Xln-o = Plo—o- 6.7)

Equation (6.7) expresses the continuity of the vertical velocity across the water—air
surface.

The continuity condition for the horizontal velocity follows from (2.10) taking into
account the expressions (4.1) and (6.1) for the disturbances of the stream function in
the air and in the water. At the first order in ka it is

(U0, Z) n+ x),(1 + )] =g = [(1 — ) dp+04(0) 1] |5—o-

Taking into account (6.6) and the boundary condition (6.7) gives the secondary
boundary condition for y:

Xuln=o = — (Un(0, Z) —1,44(0)) (1 — ) ¢|'y=0/cs + (1 —20) Goglymo- (6.8)

Besides the solution of (6.4) satisfying the boundary conditions (6.7), (6.8) should
decrease with distance from the water surface.

There are unknown functions £ and 7 (normal and tangential stresses in the air on
the water surface) in the dispersion equation (4.5). If the solution of (6.4) with the
boundary conditions (6.7) and (6.8) is known, then these functions can be found. Using
(6.2¢) to express the short-wave pressure component by (A, Z) and (2.11) and (2.12)
to obtain the short-wave normal and tangential viscous stresses in the linear
approximation for the short-wave disturbance yields the following expressions for 2
and J at the zeroth order of u:

1
P = Z{(l +a) (e, xp+xUs) +5:az (Xnna(1 +30) = 3&*(1 + o) xp, + 260 (Xpr, + K2X)]}’
(6.9)
7 =31+ 20 G+ (1209 —daipy + 200, D} 610

so all the terms in the dispersion equation for the short waves (4.5) are determined.
Some solutions to this equation are discussed next.

First, consider the solution of (4.5) when there is no viscosity (v, = 0), air (p,/p,, = 0)
and drift flow (v, = 0). Then taking into account (4.6) yields

= ¢ = {(;‘_:(1 —a)+%) L}m.
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« obviously depends on ZX': this dependence can be found by considering the ray
equations for the short waves. Taking into consideration that £2 is conserved at the rays
gives at the first order of approximation in ka.

Kk = k(1 +0a).

This expression is fully within the results of Longuet-Higgins & Stewartson (1960,
1962) (see (1.3)). And in the reference frame moving with the water the short-wave
frequency is

3 1/2
w=Q+x(1—a)= f(}x= %{(gko+%(l+3a))L} :

which is within the results of Longuet-Higgins & Stewartson (1960, 1962) as well.

Consider now under which conditions the drift flow in the water can be neglected.
For that purpose one can make use of the results of calculations carried out by
Valenzuela (1976), from which it follows that if the friction velocity of the wind is
smaller than 30 cm s7?, then taking into consideration the wind drift flow in the water
yields only a 10-15% increase in the growth rates of the waves with the wavelength
greater than 3 cm. Taking this into account allows the drift flow in the water to be
neglected, with an accuracy of not less than 10-15%.

In this case the solution of the Rayleigh equation (4.2) is

Y — [ efr+e)

And the dispersion relation (4.5), in which function G is expressed using (6.9) and (6.10)
for # and J, can be written as

c v, Cs[ch 9
w510 _ 9 2
g 1 5 cg(cg(l o)+ 1+ OL)ZK

_Pals Lta | Vo [Xawn(1+32)  Xu o
= wcg{(cs+Xh+XUoh) p +iKL[ Y& p c§(1+206)
Xn Cs 2 Gy K <
Boundary conditions (6.7), (6.8) are transformed in the following way:
x(0) = X,, (6.12a)
U, 0,2
00 = [ =28 1o, (6.120)

7. The modulation of the growth rate of the short waves in the presence of
the long waves

To calculate the modulation of the growth rate of the short waves in the presence of
the long waves the dispersion relation (6.11) was considered. The function y(h) in (6.11)
was determined by numerical calculation of (6.44, b) with the boundary conditions
(6.12) and the condition of decreasing at infinity. Also, (5.114, b) with the boundary
conditions (5.3), (5.5) and the decreasing condition at infinity was solved numerically
to find ;. The stretched vertical coordinate y was used instead of 4:

y=log(h+107%).
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FiGURE 1. Comparison of wind-wave growth rates: ——, calculations using the present model; ------
calculatlons from the Miles asymptotic theory (1962); «----- , calculations by Valenzuela (1976) (a)

=10cms™, (b) u, =20cms™, (¢) uy =30cms™.

A finite-difference approximation, with a constant step in y, of the equations and
corresponding boundary conditions leads to a system of linear algebraic equations with
pentadiagonal band matrices. The Gauss elimination method modified for a band
matrix was used for solving of the systems. Details of the algorithm can be found in
Forsythe & Moler (1967).

To verify the validity of the numerical algorithm the imaginary part of ¢, was
calculated for the case when the air flow velocity was zero and the expression for c
could easily be found analytically. The error was less than 1%.

To calculate the growth rate of the surface waves § the model logarithmic-linear
wind velocity profile was used:

u () h, h<q/10
O = Uo(h) q
10, m—f—z( a—tha), h>q/10,

where sinh (o) = 0.8 (10h—g), and g is a constant defining the position of the viscous
sublayer. As in Miles (1962) ¢ = 8 was taken for atmospheric boundary-layer flow.
To calculate the growth rate g, (6.11) has been solved by the iteration method. First,
calculations of the growth rate of short wind waves without a long wave (a = 0) were
camed out for a number of values of the wind friction velocity u, = 10, 20 and 30 cm
~1. They were compared with the Miles (1962) asymptotic theory and the calculations
of Valenzuela (1976). The results are presented on figure 1. All the calculations are in
good agreement for u, = 10 and 20 cm s™. For u, = 30 cm s™* our calculations give
Va]ues of the growth rate larger than obtalned by Miles (1962) and Valenzuela (1976).
This difference from the Miles calculations may be caused by the fact that his
asymptotic theory is not valid to u, = 30 cm s~ and A > 3 cm, since the thickness of
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Bo, By (1/c)

0
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FIGURE 2. The mean growth rate of the short waves and its first harmonics (a) and phase (&) versus
the wavelength of the short wave A, The parameters of the long wave are: k = 0.1 m™*, ka = 0.04. The
wind friction velocity u, = 10 cm s™*. (@) ——, 3, (the mean growth rate); ------ , ; (the amplitude of
the first harmonic of the growth rate). (b)) ——, ¢, (the phase of the first harmonic of the growth rate);
———, ¢ (the phase of the wind velocity gradient near the water surface).

4 6 ' 0 2 4 6
A (cm) A (cm)
FiGURE 3. As figure 2 but with 4, =20 cm s,

the viscous sublayer of the logarithmic boundary layer (qu, /v,) is equal to or less than
the thickness of the viscous sublayer in the wave field (v2/(u% k))** (see Valenzuela
1976).

The growth rate of a short wave on a long wave is generally the sum of the constant
and periodically varying components, and # can be presented as

ﬂ=ﬂ0+Zﬂjcos(Zj-¢j). (7.1)

For the linear regime of a long-wave disturbance in air only the first harmonic in
(7.1) can be correctly considered, since the higher harmonics are of higher order in ka.
For the nonlinear regime of a long wave in air the higher harmonics can be correctly
taken into account. But, as follows from the numerical calculations, the amplitude of
the first harmonic g, is essentially larger than the higher ones in all the cases under
consideration. The dependencies of 8, £,, ¢, on the wavelength of the short wave A are
presented on figures 2, 3 and 4 for the long-wave parameters k= 10" m™ and
ka = 0.04. The wind friction velocities are u, = 10, 20 and 30 cm s~ on figures 2, 3 and
4 respectively. The relation of the oscillating component of the wind velocity gradient
Y1, to the undisturbed gradient u,, has been calculated for each case:

M=V _ Lﬁf‘ (chv )2, (7.2)

Uy,
For u, =10 cm s, M = 0.33 (figure 2), for u, = 20 cm s™!, M = 0.082 (figure 3), for
u, = 30cms™', M = 0.037 (figure 4). And when the value of M is of order of unity (the
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FIGURE 4. As figure 2 but with u, =30 cm s

nonlinear regime), then the amplitude of the oscillating part of the growth rate g, is of
order of the mean value g, (see figure 2a). When M is much smaller than unity (the
linear regime) then the amplitude of the oscillating part of the growth rate is much
smaller, than the averaged one (see figures 3a, 44).

The phase of the oscillating part of the growth rate ¢, is shown by the solid line on
the figures 2(b), 3(b), 4(b). The dashed line shows the phase of the oscillating
components of the wind velocity gradient near the water surface (¢,). ¢, appears to be
close to ¢, which tends to —n with the growth of the wind velocity.

8. Discussion: the effect of the modulation of the growth rate on the
modulation of the short-wind-wave spectral components

The effect of the modulation of the growth rate on the modulation of the spectral
components of short wind waves is estimated in conclusion. To do that one must
substitute the modulating growth rate into the equation for the short-wave spectrum
on the long wave (the kinematical equation), calculate the modulation of the spectral
components and compare this with the modulation caused only by the transformation
of the short-wave spectrum on the variable flow of the long wave. Such a comparison
was made, based on the model kinematical equation from Valenzuela & Wright (1979).
When the velocity field of the long wave is

u = akccoskx
and the growth rate of the short waves is modulated in the following way:

B = Bo+pycos(kx—¢),

the modulation of the short-wave spectrum was obtained by Valenzuela & Wright
(1979) at the first order of approximation in ka and B, as

F = F(14+mcos(kx—1)),

F, F, denoting modulated and undisturbed spectral densities of the short waves. The
quantities m and ¢ are expressed the following way:

m = (a*+b*)Y?; o = arctan(b/a),

where
_ o [ (R, g—«T 2B,sing 4p, B, cos¢
a_4ﬂ3+w2[ (Fo 2(g—x2T>)’“’+ o @ )
_ 20f, [ (kFo g—KZT) 2ﬂlsin¢_ﬂlcos¢]
R R e L o |
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FIGURE 5. The absolute value m (a) and the phase ¢ (b) of the modulation coefficient of the spectral
component for A = 5 cm versus the wavenumber of the long wave k with steepness ka = 0.1: —,
taking into account the growth rate modulation; ------ , without taking into account the growth rate

modulation. Wind friction velocity u, = 10 cm s7%.
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FIGURE 6. As figure 5 but with u, =20 cm s™.
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FIGURE 7. As figure 5 but with u, =30cms™.

The variation of the absolute value of the modulation coefficient m and the phase ¥
of the short-wave spectral component A = 5 cm with the wavenumber & of the long
wave with steepness ka = 0.1 are plotted on figures 5-7. One can see that the
modulation of the growth rate of the short wave strongly influences the modulation
coefficient of the wave spectrum. For constant steepness of the long wave the effect
increases with the growth of the wavelength of the long wave. It is caused, first, by
growth of the oscillating component of the air flow velocity gradient like £ /% and,
second, by growth with the long-wave period of the short-long waves interaction time.

The author would like to thank Professor L. A.Ostrovsky for stimulating
discussions.



Modulation of the growth rate of short surface capillary-gravity waves 187

Appendix
The addition to the phase velocity of the short wave caused by the induced flow in

the boundary layer on the oscillating surface, which was calculated in Longuet-Higgins
(1953), will be estimated here. As for (3.6) one can obviously obtain

cs = cso(l +2k8f E)@ez"ﬂd'}/), Al
where 90D _ 4okt — e
dy
(see Longuet-Higgins 1953).
Integrating (A 1) gives
¢, =y (1 42O 2k e +5 o(ok,) (ka)z) .
50 ks Cso cs

The term v,(0) is the Doppler shift of the phase velocity, which is not present in the
difference ¢, —u (see (1.5)). The terms 2ck(ka)?/k, c,, < (ka)?, since w = ck < w, = ¢,k,.
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